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ABSTRACT

We theoretically propose a new method for generating up-converted coherent light from two-level systems (TLSs) coupled with a plasmonic
nanocavity. The emission spectrum of a TLS excited by a strong laser exhibits a triplet structure called the Mollow triplet. If the lower Mollow
sideband is tuned to the cavity mode energy, population inversion of a TLS occurs. When the driving laser is abruptly truncated under this
condition, an up-converted photon is emitted from the TLSs. We also predict the up-converted superfluorescence from an ensemble of TLSs
as a correlation effect among the excited states of the TLSs.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5128020., s

I. INTRODUCTION
Multiparticle correlation of quantum two-level systems (TLSs),
such as molecular dyes and quantum dots, is of utmost importance
in developing new functions of quantum complex systems.1 Because
the interparticle correlation is caused by the photon exchange
among the TLSs,2 the control of light frequency, intensity, and its
spatial structure makes it possible to enhance the correlation effects.
One of the multiparticle correlation effects is the superfluorescense from a dense ensemble of population-inverted TLSs,3–7 in
which a delayed burst of photoemission occurs due to the phase
synchronization of the transition dipole of each TLS, i.e., the formation of macroscopic polarization. Although the excited TLSs are
initially uncorrelated, the correlation among them is spontaneously
developed by emitting and absorbing photons repeatedly. The superfluorescense has been experimentally observed for atomic (molecular) gases,8–11 solid crystals,12–14 quantum wells,15,16 and quantum
dots.17,18
In this paper, we propose a new method to realize superfluoresence having higher frequency than that of the input laser,
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i.e., up-converted superfluorescense by using TLSs coupled with a
plasmonic nanocavity. The up-conversion of photon frequency is
one of the crucial techniques for quantum information technologies because the standard telecommunication wavelength is usually
different from that in quantum information processing. The upconverted superfluorescense is achieved by a rapid truncation of the
red-detuned driving laser under the population inversion condition
of the TLSs. In this sense, this setup is different from those in the
previous theoretical studies.19–21
This paper is organized as follows: In Sec. II, the method
to generate up-converted photons using the plasmonic nanocavity is described with a model Hamiltonian and master equation. In
Sec. III, after discussing the calculated results of the up-converted
photoemission from the system with a single TLS, we demonstrate
the up-converted superfluorescence from the system with an ensemble of TLSs. The up-converted superfluorescence occurs due to the
formation of a multiparticle correlation of the TLSs in a photon
field designed by localized plasmonic resonance. This up-converted
superfluorescence may lead to innovative metrology and energy
conversion systems.
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II. MODEL AND CALCULATION METHOD
We consider a model system where N TLSs are placed in a plasmonic nanocavity. The plasmonic nanocavity consists of nanoscale
metal structures, in which an extremely strong and localized electric field appears due to the localized surface plasmons. This localized field is so enhanced that nonlinear photoexcitations, even in
molecules, can be achieved even if a weak field is irradiated.22,23
Furthermore, it has been proposed that the use of the higher-order
modes of localized surface plasmons and hybrid metal–dielectric
systems realizes high-Q cavity modes.24,25
A pump cw laser with frequency ωd is directly irradiated, not
̵ c , to the TLSs with resothrough the cavity mode with frequency hω
̵ A [see Fig. 1(a)]. The interaction between
nant excitation energy hω
̵
the pump field and TLSs is denoted by hΩ(t),
in which the time
dependence comes from the rapid truncation of the pump field. On
̵ between a TLS and a cavity
the other hand, the coupling energy hg
mode photon is constant.
In the rotation wave approximation (RWA), the Hamiltonian
of this system is given by
N
̵
̵ j+ σj− + hΩ(t) (J+ + J− ) + hδa
̵ † a + hg(J
̵ + a + J− a† ), (1)
H = ∑ hΔσ
2
j=1

in the rotational frame of the driving frequency ωd , where Δ = ωA
− ωd and δ = ωc − ωd are the frequency detunings, σ j± is the ladder operator of the jth TLS, J± ≡ ∑Nj=1 σj± is the collective ladder
operator of the ensemble of the TLSs, and a is the annihilation operator of the cavity mode. The laser frequency ωd is red detuned from
the resonant frequency ωA of the TLSs, i.e., Δ > 0. The irradiated
laser intensity is constant, and the corresponding interaction energy
̵ 0.
is denoted by hΩ
The irradiation of a strong laser field on to a TLS forms
dressed states, and the fluorescence spectra due to the level transitions√exhibit a Mollow triplet with peak frequencies of ωd and
ωd ± Δ2 + Ω20 .40 When the lower Mollow frequency is tuned to
√
the cavity mode, i.e., δ = − Δ2 + Ω20 , the maximum population
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inversion of the TLSs occurs in this system.33 Such a stationary
inversion of TLSs by red-detuned lasers has been theoretically studied.19–21,33–39 The schematic level diagram of our system is illustrated
in Fig. 1(c).
After achieving the maximum population inversion, the pump
laser is rapidly truncated at t = 0 with
Ω(t) = Ω0 [1 − Θ(t)(1 − e−Γt )],

(2)

where Γ is the truncation rate and Θ(t) is the Heaviside function
[see Fig. 1(b)]. The rapid truncation of the laser results in rapid
shrinkage of the level splittings of the Mollow triplet, and therefore, the excited-state population cannot follow the change adiabatically. Owing to this nonadiabatic change, the populations of
the TLSs are still inverted after the laser truncation. As a result,
the up-converted photons can be emitted from the undressed
TLSs.
In the truncation process of the cw laser, the laser frequency
is broadened in the order of 1/Γ. This effect partly assists the excitation of the TLSs. In order to reduce the broadening effect on the
excitation, we restricted the truncation rate Γ ≲ Δ/2 in the following calculations. The frequency broadening is considered to be much
smaller than the excitation frequency ωA of the TLSs; therefore, the
RWA is valid in our system.
The dissipation effects of the cavity photons and the excited
states of the TLSs are introduced using the master equation. Here,
we consider the bad-cavity limit in which the dissipation rate κ of
the cavity photons is much larger than the interaction g between a
cavity photon and a TLS. Furthermore, we assume that g is much
larger than the dissipation rate γ of the TLSs. Under the condition
κ ≫ g ≫ γ, the cavity-mode variable can be adiabatically eliminated, and therefore, only the operators of the TLSs appear in the
master equation. This cavity-modified master equation in the badcavity limit was first derived by Zhou.20 By using this procedure,
we extend the cavity-modified master equation to the case of multiple TLSs. The resultant master equation for the density matrix ρ is
written as
i
d
ρ(t) = − ̵ [HA , ρ(t)] + LA ρ(t) + Lcm ρ(t),
dt
h

(3)

LA ρ(t) = γ(2J− ρ(t)J+ − J+ J− ρ(t) − ρ(t)J+ J− ),

(4)

where

and
N

Lcm ρ(t) = γc ∑{J− ρ(t)Sj+ (t) + Sj− (t)ρ(t)J+
j=1

− J+ Sj− (t)ρ(t) − ρ(t)Sj+ (t)J− },
FIG. 1. (a) Schematic picture of an ensemble of TLSs in the bad-cavity limit. (b)
Temporal profile of the pump light intensity. (c) Level diagrams for the undressed
states and dressed states. Δ and δ denote the TLS
√ detuning and cavity detuning from the driving frequency, respectively. Ω̄0 = Δ2 + Ω20 and γc = g2 /κ are
the Rabi splitting energy at t = 0 and the cavity-modified decay rate of the TLS,
respectively.
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(5)

are the Lindblad superoperators. In Eq. (5), γc = g 2 /κ is the photoemission rate of the TLSs, and Sj− (t) = A0 (t)σjz + A1 (t)σj+ + A2 (t)σj−
is the cavity-modified lowering operator; the lengthy expressions of
Ai (t) are given in Appendix A.
To solve the infinite hierarchy of the Heisenberg equations, we
employ the cluster expansion method in which the higher-order
expectation values are approximately derived using the products
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of the expectation values at a certain order.26–28 In particular, we
employ the formulation presented by Leymann et al.29–31 In the
formulation, the system dynamics are reduced to four equations
of motion for ⟨σ 1− ⟩, ⟨σ 1z ⟩, ⟨σ 1+ σ 2− ⟩, and ⟨σ 1− σ 2− ⟩ in a closed
form, where ⟨σ i+ σ i− ⟩ = ⟨σ 1+ σ 1− ⟩ and ⟨σ i± σ j− ⟩ = ⟨σ 1± σ 2− ⟩ (i ≠ j)
are derived from the symmetric properties of these expectation values. The explicit forms of these equations are shown in
Appendix B.
The equations of motion describe the population and emitted
photon dynamics after the truncation of the incident laser. According to the input-output theory, the annihilation operator of the emit√
ted photons is given by aout = ∑Ni=1 γσi− ,32 and hence, the emitted
photon number is given by
⟨a†out aout ⟩ = γN⟨σ1+ σ1− ⟩ + γN(N − 1)⟨σ1+ σ2− ⟩.

(6)

The second term represents the cooperative effect of photoemission.
The inter-TLS correlation ⟨σ i+ σ j− ⟩ (i ≠ j) is enhanced by increasing
the inter-TLS interaction through an increase in Ω0 . The photoemission spectra S(ω) measured after the laser truncation is calculated
from
N

S(ω) = ∑ ⟨∣ ∫
j=1

∞

−∞

2

√
dtΘ(t) γσj− e−iωt ∣ ⟩.

(7)

III. RESULTS
A. Single TLS
We first demonstrate the up-converted photoemission from a
single TLS coupled with a plasmonic nanocavity for various truncation decay rates Γ of the irradiated laser. The photoemission from
the stationary driving system, which exhibits a Mollow triplet, is
caused by the transitions between the dressed states, that is, the
photoemission due to the level transition of an undressed TLS
does not occur. However, the photons can be emitted from the
undressed TLS when the laser is rapidly truncated. This is because
the rapid truncation leads to nonadiabatic level transitions of
the TLS.
Figure 2 shows the photoemission spectra of a single TLS
for various truncation rates Γ = 0.2κ, 0.4κ, and 0.8κ. For
κ = 18 GHz, the corresponding truncation time is on the order
of 100 ps. Since a truncation time of ∼100 fs has been obtained,41
these truncation times are quite feasible. We employ the following parameters in the calculations: Ω0 /κ = 5, g/κ = 0.3,
√ Δ/κ = 1.5,
and γ/κ = 4.4 × 10−3 . The lower Mollow triplet (δ = − Δ2 + Ω20 ) is
tuned to the cavity mode frequency ωc , which is the optimal condition for population inversion. Using these parameters, the population inversion of the TLS occurs with the excited-state population of
about 0.6.
For Γ = 0.2κ, the spectrum has a single peak at ω = ωd due to
elastic scattering.39 With an increase in Γ, a sharp peak appears and
grows at (ω − ωd )/κ = 1.5 = Δ/κ, i.e., at ω = ωd + Δ = ωA . This
fact indicates that the peak is caused by the photoemission from
the undressed TLS. The peak frequency is higher than that of the
irradiated laser, that is, the peak is a signal of the up-converted photoemission. This peak becomes dominant for Γ = 0.8κ. Note that the
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FIG. 2. Photoemission spectra of the cavity system with a single TLS after the truncation of the driving laser with ω = ωd for the truncation rates Γ = 0.2κ, 0.4κ, and
0.8κ in (a). We use the parameters Ω0 /κ = 5, g/κ = 0.3, Δ/κ = 1.5,
√ and γ/κ = 4.4
× 10−3 . The Mollow triplet levels of ω = ωd and ωd ± Δ2 + ω20 lie at
(ω − ωd )/κ = 0 and ±5.22 with the present parameters. The cavity-mode frequency ωc is tuned to resonance with the lower Mollow triplet. The sharp peak
at 1.5 indicates the signal of the up-converted photoemission, which corresponds
to the photoemission from the undressed TLS. The intensity of the up-converted
photoemission increases with Γ. To clearly see the up-converted sharp peaks for
Γ = 0.2κ and 0.4κ, the range of the vertical axis is changed and the result of
Γ = 0.8κ is eliminated in (b).

peak position is slightly shifted from ωA because of the cavity-TLS
interaction (see Appendix C for details).
B. TLS ensemble
Next, we consider the case of multiple TLSs in the plasmonic
nanocavity. The emitted photon number is proportional to N if the
TLSs emit photons independently, i.e., only the first term of Eq. (6)
is taken into account. The
√ N dependence is eliminated by changing
the coupling from g to Ng. The second term of Eq. (6) provides a
cooperative effect, i.e., a super-linear growth in the emitted photon
number. Therefore, if an N
√ dependence appears in the photoemission properties with fixed Ng, it represents a cooperative effect on
the excitation population and emitted
photon dynamics. In the fol√
lowing calculations, we choose Ng/κ = 0.3. The other parameters
are set to be the same as those in the case of a single TLS, and the
lower Mollow triplet is tuned to the cavity-mode frequency ωc as
well, as shown in Sec. III A.
Figure 3 shows the photoemission spectra around the upconverted emission peak at ω = ωA for N = 1, 5, and 10 with a truncation rate of Γ = 0.8κ. The intensity of each spectrum is normalized by
its own peak intensity. It is found that the photoemission linewidth
increases with increasing N. This fact indicates that a cooperative
effect exhibits super-linear spectral broadening of the up-converted
emission peak with increasing N. This is because the radiative decay
rate of the TLSs is enhanced by the correlations between different
TLSs.
The excited-state populations of the TLSs are calculated as 0.6,
0.533, and 0.495 for N = 1, 5, and 10, respectively. For a constant Ω0
or laser-field intensity, a more intense field is necessary to reach a
similar excited-state population per TLS for a larger N.19
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FIG. 3. Photoemission spectrum for various numbers of TLSs, namely, N = 1,
5,
√ and 10. The laser truncation rate is Γ = 0.8κ, and the cavity-TLS coupling is
Ng/κ = 0.3. The other parameters are the same as those in Fig. 2. Each
spectral intensity is normalized by its own peak intensity.
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In Fig. 4(a), the populations per TLS for N = 10 are shown
as a function of the dissipation rate γ of the TLSs. The population
increases with decreasing γ and reaches 0.543 in the bad-cavity limit.
A larger inverted population can be obtained by using a TLS coupled to an off-resonant cavity in the strong coupling regime34 or by
designing a large deviation of the photonic mode density between
the Mollow sidebands.19
Figure 4(b) shows the time profiles of the spectral intensity after
the laser truncation for various γ calculated from Eq. (6). The intensity is normalized by that for γ/κ = 5 × 10−3 at κt = 0 and each
magnification is indicated. The decay of the photoemission intensity becomes slower with decreasing γ. Note that the photoemission
peak appears to be delayed from the laser truncation at t = 0 for
γ/κ = 2 × 10−4 , where the initial population is inverted. The intensity peak is magnified in the inset. This is a characteristic feature
of superfluorescence, where the TLSs spontaneously build up their
correlation with each other.
The appearance of superfluorescence can be understood in
terms of the dynamics of the inter-TLS correlation, which corresponds to the second term of Eq. (6). Indeed, as shown in the equations of motion in Appendix B, the correlation grows positively
during population inversion, ⟨σ 1z ⟩ > 0. The positive growth of the
correlation is the essential point in superfluorescence.3 On the other
hand, the correlation becomes negative for ⟨σ 1z ⟩ < 0, i.e., the excited
population is less than 0.5.
IV. CONCLUSION
We proposed a method to generate up-converted coherent light
by rapidly truncating an applied laser. It was found that instead
of a steady-state photoemission from the Mollow triplet, the rapid
truncation of the light intensity induces an up-conversion superfluorescence from the TLS ensembles with population inversion, which
opens a new avenue to realize up-converted coherent light sources.
We restrict ourselves to the weak coupling regime in this study.
However, the excited-state population can be further enhanced in a
strong coupling regime, thus leading to clearer superfluorescence.34
Finally, it should be remarked that the present theoretical proposal
can be applied not only to systems with a plasmonic cavity but also
to systems with a semiconductor microcavity such as that used in
Ref. 42.
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APPENDIX A: CAVITY-MODIFIED OPERATOR

FIG. 4. (a) Excited-state population of a TLS as a function of the√
decay rate γ of
a single TLS. (b) Photoemission dynamics of N = 10 TLSs with 10g/κ = 0.3
for various decay rates γ: (1) γ/κ = 5 × 10−3 , (2) γ/κ = 2 × 10−3 , and (3) γ/κ = 2
× 10−4 . The other parameters are the same as those in Fig. 2. The delayed peak
for γ/κ = 2 × 10−4 is magnified in the inset.
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Throughout this work, we assume that the system is at the badcavity limit (κ ≫ g ≫ γ). This assumption enables us to trace out
the cavity mode using the cavity parameters. In this case, the cavitymodified density matrix is expressed using the modified operator
Sj− (t) = A0 (t)σjz + A1 (t)σj+ + A2 (t)σj− (see the detailed calculations in Ref. 20). After straightforward calculations, one can find the
explicit form of the time-dependent coefficients as follows:

151, 224307-4
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t
κ
(iδ−κ)τ
A0 (t) = − [ cos 2θ(t) ∫ dτ sin 2θ(t − τ)e
2
0
t

dτ cos2 θ(t − τ)e−i ∫t−τ Ω̄(t )dt +(iδ−κ)τ

t

dτ sin2 θ(t − τ)ei ∫t−τ Ω̄(t )dt +(iδ−κ)τ ],

− sin 2θ(t) ∫

0

+ sin 2θ(t) ∫

0

t

t

′

′

′

′

(A1)
A1 (t) = κ[

t
sin 2θ(t)
dτ sin 2θ(t − τ)e(iδ−κ)τ
∫
2
0

+ cos2 θ(t) ∫

dτ cos2 θ(t − τ)e−i ∫t−τ Ω̄(t )dt +(iδ−κ)τ

t

t
i ∫t−τ

0

+ sin2 θ(t) ∫

0

dτ sin2 θ(t − τ)e

′

′

Ω̄(t )dt +(iδ−κ)τ
′

′

],
(A2)

A2 (t) = κ[

t
sin 2θ(t)
dτ sin 2θ(t − τ)e(iδ−κ)τ
∫
2
0
t

2

− sin θ(t) ∫

0

− cos2 θ(t) ∫

0

t

dτ cos θ(t − τ)e

t
i ∫t−τ

dτ sin2 θ(t − τ)e

× ⟨σ1+ ⟩ + A2 {−1 + (N − 1)⟨σ1z ⟩}⟨σ1− ⟩],

(B2)

d
⟨σ1z ⟩ ≃ −iΩ(t)(⟨σ1+ ⟩ − ⟨σ1− ⟩) − 4γ{(⟨σ1z ⟩ + 1)/2
dt
+ (N − 1)⟨σ1+ σ2− ⟩} + 4γc Re[A∗0 {1 − (N − 1)⟨σ1z ⟩}
× ⟨σ1− ⟩ − A∗1 (N − 1)⟨σ1− σ2− ⟩ − A∗2 {(⟨σ1z ⟩ + 1)/2
(B3)

d
⟨σ1+ σ2− ⟩ ≃ Ω(t)Im[⟨σ1z ⟩⟨σ1− ⟩] − 2γ{1 − (N − 2)⟨σ1z ⟩}⟨σ1+ σ2− ⟩
dt
+ γ⟨σ1z ⟩(⟨σ1z ⟩ + 1) + 2γc Re[A∗0 {1 − ⟨σ1z ⟩

Ω̄(t )dt +(iδ−κ)τ
′

′

].
(A3)

Here, we have used the notation Ω̄(t) =
θ(t) = arctan[Ω(t)/(Ω̄(t) + Δ)].

Ω(t)
d
⟨σ1− ⟩ ≃ −iΔ⟨σ1− ⟩ + i
⟨σ1z ⟩ − γ{1 − (N − 1)⟨σ1z ⟩}⟨σ1− ⟩
dt
2

+ (N − 1)⟨σ1+ σ2− ⟩}],

t
−i ∫t−τ
Ω̄(t ′ )dt ′ +(iδ−κ)τ

2

a sum over all unique expectation values. In addition, the symmetry of the expectation values with respect to the particle exchange
reduces the number of expectation values to be calculated. For
example, we have ⟨σ i+ σ j− ⟩ = ⟨σ 1+ σ 2− ⟩ and ⟨σ i+ σ i− σ j− ⟩ = ⟨σ i− σ j+ σ j− ⟩
= ⟨σ 1+ σ 1− σ 2− ⟩ for all i ≠ j. Using these factorizations and symmetrizations, we can obtain the cluster-expansion-based equations
of motion,

+ γc [A0 {1 + (N − 1)⟨σ1z ⟩2 } + A1 {1 + (N − 1)⟨σ1z ⟩}

t

t

scitation.org/journal/jcp

√
Ω2 (t) + Δ2 and

+ (N − 2)⟨σ1z ⟩2 }⟨σ1− ⟩ + A∗1 {1 + (N − 2)⟨σ1z ⟩}
× ⟨σ1− σ2− ⟩ + A∗2 {−1 + (N − 2)⟨σ1z ⟩}
× ⟨σ1+ σ2− ⟩ + A∗2 ⟨σ1z ⟩(⟨σ1z ⟩ + 1)/2],

(B4)

d
⟨σ1− σ2− ⟩ ≃ −2iΔ⟨σ1− σ2− ⟩ + iΩ(t)⟨σ1z ⟩⟨σ1− ⟩ − 2γ{1 − (N − 2)
dt
× ⟨σ1z ⟩}⟨σ1− σ2− ⟩ + 2γc [A0 {1+⟨σ1z ⟩+(N −2)⟨σ1z ⟩2 }

APPENDIX B: EQUATIONS OF MOTION

× ⟨σ1− ⟩ + A1 {1 + (N − 2)⟨σ1z ⟩}⟨σ1+ σ2− ⟩ + A1 ⟨σ1z ⟩

Here, we show the explicit form of the derivation of the equations of motion. When a many-body problem involving a large number of particles is considered, many equations of motion must be
derived. Higher-order expectation values emerge for each derived
equation of motion, up to the given number of particles. In solving such an infinite hierarchy of differential equations, the cluster
expansion method is a powerful tool by which the expectation values
of more than the desired order are approximated using the products of the expectation values at a certain order.26–31 The method
we employ in this study is the expectation-value-based formulation
presented by Leymann et al.29–31
The analysis of both the output photon intensity and the
emitted photon spectrum requires second-order expectation values. Thus, the third- or fourth-order expectation values can be
factorized as

× (1−⟨σ1z ⟩)/2+ A2 {−1+(N −2)⟨σ1z ⟩}⟨σ1− σ2− ⟩].

⟨3⟩ = ⟨1⟩⟨2⟩ − 2⟨3⟩s ,
⟨4⟩ = ⟨2⟩⟨2⟩ − 2⟨4⟩s ,

(B1)

(B5)
Solving these equations yields the population dynamics and the output photon dynamics after the incident light intensity is terminated.
APPENDIX C: SHIFT OF PHOTOEMISSION PEAK
FROM UNDRESSED TLS FREQUENCY
The up-converted photoemission peak depicted in Fig. 2 is
slightly blue-detuned compared with the undressed TLS frequency
owing to the cavity-TLS interaction. Here, we evaluate the shift for
zero driving field intensity, Ω(t) = 0, as the field truncation is so rapid
that the effect on the eigenfrequencies is negligible. In this case, one
can see that A0 = A1 = 0 and A2 = κ/[κ + i(δ − Δ)]. Substituting
these values into Eqs. (B2)–(B5), we obtain the complex frequency
of the output light,
ωout = Δ −

where ⟨N⟩ is the Nth-order expectation value and the index “s” is
the singlet contribution (a multiple of the first-order expectation values: ⟨3⟩s = ⟨1⟩⟨1⟩⟨1⟩ and ⟨4⟩s = ⟨1⟩⟨1⟩⟨1⟩⟨1⟩). Each term indicates
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γc κ2
γc κ(δ − Δ)
− i(γ + 2
).
2
− (δ − Δ)
κ − (δ − Δ)2

κ2

(C1)

The oscillation frequency Re[ωout ] is equivalent to the peak in
our spectrum calculations for Γ = 0.2κ and 0.8κ. Thus, we
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FIG. 5. Numerical computation results for the up-converted peak frequencies
detuned from an undressed TLS frequency as functions of N for N = 1–10.

understand that our numerical computation method successfully
captures the photoemission spectrum of a single TLS with population inversion.
Our analysis of the photoemission spectrum is also valid for a
TLS ensemble. In Fig. 5, the numerically computed peak frequencies
differ for different N values because the effective TLS-cavity interaction is changed. Note that in Fig. 3, detuning from the up-converted
photoemission peak is depicted in order to ensure visibility for comparison of the linewidth. It is evident from Fig. 5 that increasing the
number of TLSs results in a decrease in the eigenfrequency shift. This
is because the√TLS-cavity interaction is normalized by the square
root of N, i.e., Ng/κ is fixed.
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