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This study proposes an uncertainty estimation method for the nodal displacement of a truss structure. The truss structure has been used for space structures that require high accuracy, so it is necessary to consider the eﬀects of minute physical uncertainties of the structures. This study considers two types of physical uncertainties: member length uncertainty and
position uncertainty due to backlash at the connecting nodes. A structure model is created using a space deployable structure as an example of a truss structure that requires high shape accuracy. Shape accuracy is evaluated using the distortion
angle, which is deﬁned as the error with respect to the ideal truss deployment direction. In the ﬁrst part of the study, the
distortion angle due to member length uncertainty is estimated by analyzing the equilibrium of the truss structure model
with an uncertain member length. The conﬁdence interval of the distortion angle is then clariﬁed to be linearly related to
the magnitude of the uncertainty by applying Monte Carlo simulation, where the uncertainty follows an independent normal distribution. An eﬃcient estimation method for the distortion angle is then established followed by the theoretical
derivation of the probabilistic distribution of the distortion angle as a Rayleigh distribution. In the second part of the study,
the eﬀect of backlash uncertainty at the connecting nodes is investigated. The backlash is modeled using a virtual cable
element having a natural length equal to the backlash size. Finally, the allowable uncertainty range to satisfy a required
accuracy is estimated by analyzing the proposed distortion angle while considering both types of uncertainty.
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P : 100-percentile of the Rayleigh distribution
x : angle between the top surface plane and x axes
y : angle between the top surface plane and y axes
·: standard deviation of member length uncertainty
t : standard deviation of tan x and tan y
z : standard deviation of zi
Subscripts
i: ith node of the top surface of truss

Nomenclature
A:
B:
de:
fe :
Fe :
fðP Þ:
Ke:
l:
N:
nb :
nt :
ntx :
nty :
ntz :
X:
xi :
yi :
zi :
¡:
P :

numerator of tan x
denominator of tan x
nodal displacement vector
initial nodal force vector
nodal force vector
probability distribution function of distortion angle
P
element stiﬀness matrix
nominal length of triangular batten
sample size of Monte Carlo simulation
normal vector of the bottom surface
normal vector of the top surface
x-coordinates of nt
y-coordinates of nt
z-coordinates of nt
random variable follows a chi-square distribution
with two degrees of freedom
x-coordinates of the top surface node
y-coordinates of the top surface node
z-coordinates of the top surface node
lower cumulative probability of the Rayleigh distribution
distortion angle

1.

Introduction

Truss structures consist of linear members that sustain
only an axial force and are structural systems that can be used
to construct economical frames with high stiﬀness and
strength, and are used for various structures around us. Recently, truss structures are being used for space structures
that require high accuracy, such as the deployable back-truss
structure of the large paraboloid antenna on ASTRO-G,1) and
the deployable optical bench2) of a space X-ray telescope on
HITOMI (ASTRO-H).3) In future space astronomy missions,
accuracy requirements for these truss structures will be strict
in order to achieve better results.
As a future mission, a small satellite for X-ray astronomy
observation named “FOcusing Relative universe and Cosmic
Evolution (FORCE)” is planned. This satellite will require
more precise shape accuracy than that of HITOMI. The primary mission of FORCE is to explore each stratum of an unexplored black hole to elucidate the early history of the universe. For this purpose, the mission will observe an active
galactic nucleus via hard X-ray imaging spectroscopy with
more than 10 keV power and more than 10 times the spatial
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resolution of conventional observation.4,5) The pointing accuracy requirement for its X-ray telescope, which will have
a length of more than 10 m and include an optical bench built
using a truss structure, will be extremely high: 5 arcsec for
the attitude determination requirement. In order to achieve
the required high accuracy, it is necessary to consider the effects of uncertainty that do not need to be considered on the
ground, such as the manufacturing error of the member
length and the backlash at the connecting node of the truss
structure.
Studies on the uncertainty of member length and backlash
have mainly been conducted in the ﬁeld of dynamic link
mechanisms. Several attempts have been made to analyze
and synthesize the mechanical uncertainty of function generating linkages. Hartenberg and Denavit6) estimated the maximum output error based on the maximum allowable uncertainty of the member lengths. Kolhatker and Yajnik7)
evaluated the maximum output error due to the backlash
based on the worst-case analysis of individual backlash.
Garrett et al.8) and Dhande et al.9) oﬀered a statistical
approach to mechanical uncertainty analysis suitable for
both analyzing and synthesizing mechanical uncertainty.
Dubowsky and Gardner10) observed that backlash in the
joints results in ampliﬁcation of the internal dynamic system’s forces. Du et al.11) developed methods to quantify robustness considering the member length uncertainty.
Regarding truss structures, research on these uncertainties
has recently been conducted in the ﬁeld of space structures
that require high shape accuracy. Bauer and Latalski12) formulated an optimal design problem for truss structures considering the member length tolerance. Tzou and Rong13) developed a mathematical model for a three-dimensional
spherical joint based on contact force analysis, which includes the eﬀects of normal contact and friction contact.
Akita et al.14) proposed a high-precision ﬁnite element model
and investigated the shape repeatability of pin-jointed bars
with frictional contact conditions. Some other studies have
been conducted to apply experimental hysteresis to mathematical models in order to establish a nonlinear ﬁnite element
model of a truss with backlashes.15–19) However, few studies
have investigated how these uncertainties propagate to the
shape accuracy of a truss structure.
In addition, as a study to reduce the structural error due to
these uncertainties, kinematic coupling is utilized at the connection point between the optical bench and the satellite
body to release the distortion generated due to thermal deformation,20) or attitude control system of the entire optical
bench using actuators is utilized.21,22) However, the amount
of the released error is limited. Therefore, it is necessary to
clarify the eﬀect of each uncertainty on the shape accuracy
of the entire truss structure.
In this study, the eﬀect of these uncertainties on the nodal
displacement of a 5-stage truss structure is investigated using
numerical simulation. A structure model is created while
referencing the deployable optical bench as an example of
a truss structure that requires high shape accuracy. The shape
accuracy is evaluated by applying the distortion angle, which
©2021 JSASS

is deﬁned as the error with respect to the ideal truss deployment direction.
The variation in the distortion angle due to the member
length uncertainty is ﬁrst investigated using a truss structure
model, which is created while giving consideration to a space
deployable structure, with a member length uncertainty that
is assumed to follow an independent normal distribution or
an independent uniform distribution. The distortion angle
is evaluated by applying Monte Carlo simulation, where
the variation in it due to the member length uncertainty is
evaluated using the non-linear ﬁnite element method.
At ﬁrst, the eﬀect of the stage size on the distortion angle is
investigated, and a 5-stage truss is clariﬁed to be suﬃcient for
investigation. Then, the conﬁdence interval of the distortion
angle is obtained and found to be linearly related to the member length uncertainty. In addition, the probabilistic distribution of the distortion angle is theoretically derived to follow
the Rayleigh distribution.
Second, the eﬀect of the uncertainty due to the backlash at
the connecting nodes is investigated. The backlash is modeled using a virtual cable element having a natural length
equal to the backlash size. Then, the allowable initial imperfection size to satisfy the required accuracy is estimated by
analyzing the proposed distortion angle considering both
the member length uncertainty and the backlash at the connecting nodes.
This paper is organized as follows. In Section 2, details of
the truss structure model are described using the structural
analysis conditions. Section 3 presents the investigation results focusing on the member length uncertainty. Section 4
discusses the results obtained when modeling the backlash
at the connecting nodes and investigating the eﬀects of backlash on the distortion angle. Finally, Section 5 presents our
conclusions.
2.

Analysis Truss Structure Model

2.1. Analysis model
The 5-stage truss structure model is shown in Fig. 1; it
consists of 63 members and 18 nodes. Each stage is composed of three main components: triangular battens, longerons, and diagonal rods; the latter are tension members with
variable lengths that cannot support a compression load, such
as a cable. The material properties of the members are listed
in Table 1. The longerons and battens are made of aluminum
cylinders 10-mm in diameter and 1-mm thick. Their nominal
lengths are deﬁned as 380 mm, obtained by referencing the
experimental model of previous research.21) The diagonal
rods are composed of aluminum cables with a diameter of
2 mm, and are assumed to support only the tension force.
Thus, the stiﬀness is set as zero for the compression load.
2.2. Shape accuracy analysis
Even if there is no external force several uncertainties
exist, such as member length and the backlash at the nodes
generating nodal displacement, which can reduce the shape
accuracy of the truss structure. A distorted state can be obtained as a result of the equilibrium conditions. Therefore,
32
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Fig. 3. Relationship of the 95-percentile values of the distortion angle in
terms of the standard deviation of member length.

Fig. 2. This distortion angle is evaluated applying the following equation:
P ¼ cos1

Fig. 1. The analysis truss structure model.

Natural length [mm]
Cross-sectional area [mm2 ]
Young’s modulus [GPa]

380
14.9
70

380
14.9
70

Diagonal rod

3.

Tension Compression
537.4
3.1
70

537.4
3.1
0

the node coordinates of the truss structure model, as shown in
Fig. 1, considering the member length uncertainty are calculated using the non-linear ﬁnite element method. The member length imperfection imposes an internal force on the truss
member. The equilibrium equation is described as follows:23)
ð1Þ

where Fe is the nodal force vector, K e is the element stiﬀness
matrix, d e is the nodal displacement vector, and fe is the initial nodal force vector. The initial nodal force is evaluated as
the resultant force of all of the initial axial forces resulting
from the length imperfection. This equation is solved using
Newton’s method.24) Then, the shape accuracy is evaluated
using the distortion angle, P , deﬁned as the angle formed
by nb , the normal vector of the bottom surface of the truss,
and nt , the normal vector of the top surface, as shown in
©2021 JSASS

Deformation Analysis Based on Member Length
Uncertainty

3.1. Estimation of allowable interval of uncertainty
The eﬀect of member length uncertainty on the distortion
angle is estimated by applying Monte Carlo simulation under
the assumption that the member length uncertainty follows a
normal distribution with a zero mean and a standard deviation
·. The following ﬁve patterns of member length uncertainty
are considered for the longeron and batten:  ¼ 0:0033 mm,
0.0067 mm, 0.017 mm, 0.033 mm, and 0.067 mm. The values
are set such that the 3· values correspond to member length
tolerances of 0.01 mm, 0.02 mm, 0.05 mm, 0.1 mm, and
0.2 mm, respectively.25) The probability distribution of the
distortion angle, P , is estimated by applying Monte Carlo
simulation with 50,000 samples. Then, the 95-percentile
value of P is evaluated as the conﬁdence interval.26)
The relationship of the estimated 95-percentile values of
P in terms of the member length standard deviation is plotted in Fig. 3. As indicated by the straight line passing
through all points, the 95-percentile value represents the liner
function in terms of the standard deviation of the member
length uncertainty. It is found that the allowable standard deviation for the 95-percentile value is  ¼ 6:30  103 mm
for the required precision of 9:69  105 rad (20 arcsec).
To conﬁrm the linearity, the 95-percentile value is evaluated
by applying Monte Carlo simulation with 50,000 samples for
setting the standard deviation of the member length uncertainty as this value. The obtained histogram of P is shown
in Fig. 4, where the 95-percentile value of the distortion angle is equal to the estimated value shown above.
3.2. Estimation of probabilistic distribution of distortion angle
In the above section, the numerical evaluation of the 95percentile value of the distortion angle is discussed. In this

Fig. 2. Deﬁnition of the distortion angle, P .

Fe þ fe ¼ K e d e

ð2Þ

In this study, the target shape accuracy is assumed as
P  9:69  105 rad (20 arcsec).

Table 1. Member speciﬁcations of the truss structure model for deformation analysis, where all members are made of Al alloy.
Triangular
Longeron
batten

nt  nb
jnt jjnb j
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Fig. 5. Node ID of the top surface of the three nodes as vertices of an equilateral triangle.

The reason to hold Eq. (10) is shown below. For example,
the sensitivities of tan x with respect to xi ; yi , and
zi ði ¼ 2; 3Þ can be represented as follows:

Fig. 4. Histogram of the distortion angle obtained by applying Monte
Carlo simulation with 50,000 samples ( ¼ 6:30  103 mm).

section, the probabilistic distribution of P is theoretically
derived. Initially, the normal vector of the top surface of
the truss, nt , is deﬁned as follows:
nt ¼ ðntx ; nty ; ntz Þ

ð3Þ

In comparison, the normal vector of the bottom surface is
nb ¼ ð0; 0; 1Þ. Substituting these components into Eq. (2),
the distortion angle is obtained as follows:
0
1
P ¼ cos

1

nt  nb
ntz
B
C
¼ cos1 @ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ A
jnt jjnb j
2
2
2
n þn þn
tx

ty

ð4Þ

tz

Then, the plane of the top surface is described as follows:
ntx x þ nty y þ ntz z ¼ 0

ð5Þ

The angles between the top surface plane and x and y axes
denoted as x and y , respectively, are described as follows:
tan x ¼ 

ntx
;
ntz

tan y ¼ 

nty
ntz

Substituting this equation into Eq. (4), P is described using
x and y as follows:
!
1
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð7Þ
P ¼ cos
tan2 x þ tan2 y þ 1
Then, the probabilistic distributions of tan x and tan y are
derived. The nodes of the top surface form an equilateral triangle with length l and are tentatively named 1, 2 and, 3, as
shown in Fig. 5. The coordinates of each node are described
as ðxi ; yi ; zi Þ; ði ¼ 1; 2; 3Þ. Both points 1 and 2 are ideally on
the x-axis.
The values of tan x and tan y can be represented as follows:
ðy3  y1 Þðz2  z1 Þ  ðy2  y1 Þðz3  z1 Þ
ðx2  x1 Þðy3  y1 Þ  ðx3  x1 Þðy2  y1 Þ

ð8Þ

tan y ¼

ðz3  z1 Þðx2  x1 Þ  ðz2  z1 Þðx3  x1 Þ
ðx2  x1 Þðy3  y1 Þ  ðx3  x1 Þðy2  y1 Þ

ð9Þ

@
B
1
tan x ¼ ðx3  x1 Þ 2  ðz3  z1 Þ
@y2
A
A

ð12Þ

@
1
tan x ¼ ðy3  y1 Þ
@z2
A

ð13Þ

@
B
tan x ¼ ðy2  y1 Þ 2
@x3
A

ð14Þ

@
B
1
tan x ¼ ðx2  x1 Þ 2 þ ðz2  z1 Þ
@y3
A
A

ð15Þ

@
1
tan x ¼ ðy2  y1 Þ
@z3
A

ð16Þ

1
ðz2  z1 Þ
l

ð17Þ

1
tan y ¼ pﬃﬃﬃ ðz1 þ z2  2z3 Þ
3l

ð18Þ

tan x ¼

The variation in the z-coordinate value of each node on the
top surface is nearly equal to the summation of the member
length uncertainties of the longerons under the nodes. When
the member length uncertainty follows an independent normal distribution, the variation in the z-coordinate of each
node on the top surface can be modeled to follow a normal
distribution as Nðzi ; z2i Þ; ði ¼ 1; 2; 3Þ. Because tan x and
tan y are described as linear functions of the z-coordinates,
as described in Eqs. (17) and (18), they also follow a normal
distribution as follows:

In this model, the following relationships are satisﬁed:
pﬃﬃﬃ
3
l
y1 ’ y2 ; x2  x1 ’ l; x3  x1 ’ ; y3  y1 ’
l
2
2
ð10Þ
©2021 JSASS

ð11Þ

where A and B denote the numerator and denominator in
Eq. (8), respectively. When x is small, A  B holds. In
addition, if there is no uncertainty on the member
pﬃﬃﬃ length,
the following equations, y1 ¼ y2 ; y3  y1 ¼
3=2 l, and
z1 ¼ z2 ¼ z3 hold. Even if uncertainty of the member length
is considered, the following equations, y3  y1  y2  y1 ;
y3  y1  z2  z1 , and y3  y1  z3  z1 hold, because variations of x, y and z-coordinate values are much smaller than
the nominal member length l. Therefore, the sensitivity of
tan x with respect to z2 is larger than the other terms. Similarly, the sensitivities of tan y with respect to z2 and z3 are
larger than the other terms.
Substituting Eq. (10) into Eqs. (8) and (9), the following
equations are obtained:

ð6Þ

tan x ¼

@
B
tan x ¼ ðy3  y1 Þ 2
@x2
A
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2 2
1
tan x ¼ ðz2  z1 Þ  N 0; 2z
l
l

!

2 2
1
tan y ¼ pﬃﬃﬃ ðz1 þ z2  2z3 Þ  N 0; 2z
l
3l

ð19Þ
!
ð20Þ

It should be noted that tan x and tan y follow an identical
normal distribution. The standard deviation of tan x and
tan y is denoted as t .
For example, consider the case of  ¼ 6:30  103 mm as
the allowable standard deviation, as described in Section 3.1.
In this case, t yields 3:96  105 . For conﬁrmation, distributions of tan x and tan y are evaluated by applying Monte
Carlo simulation using 50,000 samples. The histograms obtained for tan x and tan y are shown in Fig. 6. The red curve
indicates the probabilistic density of Nð0; t2 Þ. This suggests
that tan x and tan y follow the same normal distribution.
Here, the following random variable is introduced:
X¼

ðtan x Þ2 þ ðtan y Þ2
t2

(a)ࠉHistogram of tan qx

ð21Þ

(b)ࠉHistogram of tan qy
Fig. 6. Comparison of the estimated normal distribution ( ¼ 0; t ¼
3:96  105 ) and histograms of tan x and tan y ( ¼ 6:30  103 mm).

where X follows a chi-square distribution with two degrees of
freedom.27) From Eqs. (7) and (21), the following equation is
obtained:
!
1
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P ¼ cos
tan2 x þ tan2 y þ 1
!
1
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼ cos
ð22Þ
t2 X þ 1
Then, X and dX=dP are evaluated as follows:
!
1
1
tan2 P
X¼ 2
1 ¼
2
t2
t cos P
!
dX
1 2 tan P
2 tan P ð1 þ tan2 P Þ
¼
¼ 2
2
dP
t cos P
t2

Fig. 7. It is found that the distribution of the distortion angle
agrees with the probability density function of the Rayleigh
distribution illustrated as a red solid curve. In addition, the
lower cumulative probability, 100%, of the Rayleigh distribution at P ¼ P and the 100-percentile value, P , of the
Rayleigh distribution are obtained as follows:29)
"
#
Z 
P
P 2
ð27Þ
¼
fðP ÞdP ¼ 1  exp  2
2t
0
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð28Þ
P ¼ 2t2 lnð1  Þ

ð23Þ
ð24Þ

When t ¼ 3:96  105 and  ¼ 0:95 are substituted into
Eqs. (27) and (28), P ¼ 9:69  105 rad is obtained. This
value is the same as that obtained through Monte Carlo simulation, as shown in Fig. 4. Speciﬁcally, the uncertainty of
the distortion angle follows a Rayleigh distribution when
the member length uncertainty follows a normal distribution.
3.3. Eﬀect of probabilistic distribution
The above results, including those of the distortion angle,
follow the Rayleigh distribution obtained under the assumption that the member length follows a normal distribution. In
this section, the eﬀect of other probabilistic distributions is
investigated by considering a uniform distribution with
[¹0.2, 0.2] mm. The histograms obtained by applying Monte
Carlo simulation performed with 5,000 samples are compared in Fig. 8, where 1-stage models with normal and uniform distributions and a 30-stage model are compared. On
each graph, the Rayleigh distributions estimated for each
case are overlapped as a red curve. As a result of the goodness-of-ﬁt test27) for each model, it was concluded that the
1-stage model with uniform distribution does not follow
the Rayleigh distribution, which is in contrast to the 30-stage
model. It is assumed that the distribution type eﬀect becomes

Using these equations, the probabilistic density function of
P can be described as follows:28)


 dx 


fðP Þ ¼ fX ðxÞ

 dP 
"
#
tan P ð1 þ tan2 P Þ
tan2 P
¼
exp 
2t2
t2
!

* 0  P 
ð25Þ
2
When P is small, the following equations for tan P  P
and 1 þ P2  1 hold. Then, the probabilistic density function
can be approximated as follows:
"
#
P
P2
fðP Þ ¼ 2 exp  2
ð26Þ
t
2t
Thus, P follows a Rayleigh distribution with parameter t .
The histogram of P , as shown in Fig. 4, and Rayleigh distribution with parameter t ¼ 3:96  105 are compared in
©2021 JSASS

35

Trans. Japan Soc. Aero. Space Sci., Vol. 64, No. 1, 2021

Fig. 7. Comparison of the estimated Rayleigh distribution (t ¼
3:96  105 ) and histogram of the P uncertainty ( ¼ 6:30  103 mm).

Fig. 9. Relationship of the normalized 95-percentile value of P in terms
of number of stages and 95% conﬁdence interval.

(a)ࠉ1-stage model under a normal distribution
Fig. 10. The probability density functions of Rayleigh distribution corresponding to the histograms of P in the 4, 10, 20, and 30-stage models in
the case of 3 ¼ 0:2 mm.

each number of stages are shown in Fig. 9, and then the values are normalized to those of the 1-stage model. The error
bars of the red line indicate 95% conﬁdence intervals of
the 95-percentile value of P . It is found that the 95% conﬁdence level for the diﬀerent number of stages in the models
does not change very much for a constant sample size. Therefore, the sample size is suﬃcient to evaluate the 95-percentile
value of P . The value peaks for the 4-stage model and then
decreases as the number of stages increases. However, the
value is practically converged to a constant value. For example, the probability density functions of Rayleigh distribution
corresponding to the histograms of P in the 4, 10, 20, and
30-stage models in the case of 3 ¼ 0:2 mm are compared
in Fig. 10. The variance of the 30-stage model is smaller than
that of the 4-stage model, and the fðP Þ converges to a constant as the number of the stages increases. It is assumed that
the member length uncertainty will cancel out the eﬀect on
P from each other and will converge to some constant value
when the number of stages increases. It is found that the 5stage truss is clariﬁed to be suﬃcient for investigation, even
if the results for a structure with more stages is desired.

(b)ࠉ1-stage model under a uniform distribution

(c)ࠉ30-stage model under a uniform distribution
Fig. 8. Comparison of the histograms obtained by applying Monte Carlo
simulation with 5,000 samples and derived Rayleigh distribution.

negligible as the number of stages increases as a result of the
central limit theorem.
3.4. Eﬀect of the number of stages
As the next step, the eﬀect of the number of stages in a
truss structure model has on the distortion angle is investigated. The 95-percentile values of the distortion angle for
several numbers of stages are evaluated by applying Monte
Carlo simulation with 5,000 samples for 3 ¼ 0:2 mm.
The 95-percentile values of the distortion angle, P , for
©2021 JSASS

4.

Deformation Analysis considering Backlash Uncertainty

4.1. Backlash model
A truss structure has a pin joint, and there is backlash between the hole and the shaft. This causes uncertainty in the
node position. For this study, the magnitude of the backlash
uncertainty is assumed to be about 0.01 mm in each node.30)
36
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Fig. 12. Two-dimensional truss structure model.

(a)ࠉBacklash caused by a hole of the longeron and the shaft of the
batten at the connecting node

(a)ࠉEquilibrium state
(b)ࠉVirtual cable clement describing the backlash uncertainty for the
structural analysis
Fig. 11. Backlash uncertainty at a connecting node.

In comparison to the allowable member length uncertainty of
 ¼ 6:30  103 mm, the backlash uncertainty cannot be
ignored.
It is assumed that a batten is connected to a longeron at the
node by ﬁtting a shaft of the batten into a hole of the longeron
as shown in Fig. 11(a). The backlash is modeled by introducing a virtual cable element connecting the ends of the batten
and longeron, as shown in Fig. 11(b), where both of the end
nodes are located at the centers of the shaft and hole, respectively. The length of the cable element is equal to the diﬀerence in the diameters of the hole and shaft. To model the
backlash, the stiﬀness of the cable element is set as inﬁnite
on the tensile side and zero on the compression side. The
backlash model in this study considers only backlash in the
direction perpendicular to the shaft.
4.2. Shape accuracy considering the backlash
4.2.1. Analysis of two-dimensional model with backlash
The structural analysis of a simple two-dimensional truss
model with backlash, as shown in Fig. 12, is performed to
conﬁrm the validity of the backlash model with virtual cable
elements. The truss is composed of four truss members on
each side 380-mm long and two diagonal rods. The four corners are assumed to have backlash as large as 30 mm, which
is extremely large to illustrate the validity when backlash is
modeled using virtual cable elements.
To eliminate the backlash by applying some tension force
to the diagonal rod, the diagonal rods are shortened from
537.4 mm to 445.1 mm. Then, the equilibrium state is evaluated applying structural analysis with the two lower batten
nodes ﬁxed. The tension stiﬀness of the virtual cable element
is set to 105 times that of the truss members, and the compression is ﬁxed as 105 times that of the tension stiﬀness.
©2021 JSASS

(b)ࠉEnlarged view around the upper left node
Fig. 13. Two-dimensional truss structure model with backlash (i.e., diagonal rod length shortened to 445.1 mm).

The equilibrium state is shown in Fig. 13(a), and the enlarged view at the upper left node is shown in Fig. 13(b).
It is found that the total height of the truss is shortened by
changing the length of the diagonal rod. Then, the shaft at
the end of the batten contacts the edge of the hole that is located in the axial direction of the longeron. That is, modeling
backlash using virtual cable elements is reasonable.
4.2.2. Analysis of three-dimensional model with backlash
The structural analysis of a three-dimensional 1-stage
model with backlash, as shown in Fig. 14, is performed to
conﬁrm the validity of modeling the backlash with virtual cable elements. The six corners are assumed to have backlash
as large as 30 mm, similar to the previous example. To eliminate the backlash by applying some tension force to the diagonal rod, the diagonal rods are shortened from 537.4 mm
to 428.1 mm. Then, the equilibrium state is evaluated by performing a structural analysis in which the three lower batten
nodes are ﬁxed and the other analysis conditions are the same
as those described in the previous section. In the threedimensional model shown in Fig. 15, the longeron is not
tilted when the backlash is considered. The equilibrium state
is shown in Fig. 15(a), and an enlarged view of the upper left
node is shown in Fig. 15(b).
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Fig. 14. Three-dimensional 1-stage truss structure model.
Fig. 16. Relationships of the 95-percentile values of the distortion angle
with and without the backlash based on the standard deviation of member
length.

1,000 samples, and the 95-percentile value of the distortion
angle is evaluated.
The relationships of the 95-percentile values of the distortion angle with and without backlash based on the standard
deviation of member length are plotted as red and black lines
in Fig. 16, respectively. The black line is the same as shown
in Fig. 3. The error bars of the red line indicate 95% conﬁdence intervals of the 95-percentile value of P . They indicate the estimation accuracy related to the sample size, and
can be obtained in the same way as described in Section
3.4. It is found that the sample size is suﬃcient to evaluate
the 95-percentile value of P . The 95% conﬁdence intervals
of t while considering the sample size can be obtained using
the chi-square distribution.
It is found that the 95-percentile values of P with the backlash become smaller than those without the backlash when
member length uncertainty is large. That is, the backlash is
believed to partially alleviate the eﬀect of member length uncertainty because the position of the shaft with respect to the
hole can move freely as the result of backlash. Even if the
member length changes, the node position can be moved
by the width of the backlash without generating internal force
on members.
The allowable standard deviation for the 95-percentile
value with backlash is  ¼ 7:18  103 mm for the required
precision of 9:69  105 rad (20 arcs). This value is alleviated from 6:30  103 mm, the estimated allowable standard
deviation without backlash.
On the other hand, the diﬀerence of the 95-percentile values becomes smaller as the member length uncertainty is reduced. This indicates that backlash uncertainty has a dominant eﬀect on the 95-percentile value of P when the member
length uncertainty is smaller than the backlash uncertainty.

(a)ࠉEquilibrium state

(b)ࠉEnlarged view of the region around the upper left node
Fig. 15. Three-dimensional 1-stage truss structure model with backlash
(i.e., diagonal rod length shortened to 428.1 mm).

As in the case of the two-dimensional model, modeling
backlash using a virtual cable element is also found to be reasonable for the three-dimensional model.
4.2.3. Analysis of 5-stage truss model considering both
member length uncertainty and backlash
The distortion angle, P , of the 5-stage truss structure
model with backlash at the connecting node between the longeron and batten and the member length imperfection are
evaluated. The backlash is modeled by a virtual cable element, and it is assumed that the size of the backlash follows
a uniform distribution with [0.004, 0.017] mm as an actual
size.30) Six patterns of the member length uncertainty are
considered for the longeron and batten:  ¼ 0:0067 mm,
0.013 mm, 0.017 mm, 0.033 mm, 0.05 mm, and 0.067 mm.
The values are set such that the 3· values correspond to a
member length tolerance of 0.02 mm, 0.04 mm, 0.05 mm,
0.1 mm, 0.15 mm, and 0.2 mm, respectively. To facilitate
the diagonal rods under tensile loads, it is assumed that the
length uncertainty of the diagonal rods follows a uniform
distribution between 0 mm and six values as ¹0.02 mm,
¹0.04 mm, ¹0.05 mm, ¹0.1 mm, ¹0.15 mm, and ¹0.2 mm.
The negative values are selected to stabilize the node position
by applying tensile loads to the diagonal rods. The distortion
angle, P , is then estimated by a Monte Carlo simulation with
©2021 JSASS

5.

Conclusion

This study investigates the eﬀect of uncertainties in the
member length and backlash on the nodal displacement at
the connecting rods of a truss structure by developing numerical evaluation methods. A truss structure model is created
referencing the space deployable structure, and the equilibrium state under the uncertainties is evaluated using the non38
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linear ﬁnite element method. From the numerical calculations, the following conclusions are drawn:
1. First, uncertainty in the distortion angle is determined by
clarifying that the shape accuracy is linearly related to the
member length uncertainty, which is assumed to follow independent normal distribution. We then propose a method
to estimate the tolerance value of the member length
uncertainty that satisﬁes the required distortion angle.
2. It is found that the distortion angle follows a Rayleigh distribution when member length uncertainty follows a normal distribution. In addition, even when member length
uncertainty follows a uniform distribution, the probabilistic
distribution of the distortion angle is shown to converge to
a Rayleigh distribution using the central limit theorem.
3. A new modeling method is proposed to model the backlash uncertainty at a connecting node by introducing a virtual cable element. The eﬃciency of the proposed method
is demonstrated through numerical examples.
4. Even when both the member length uncertainty and backlash uncertainty are considered, the tolerance value of the
member length uncertainty under an appropriate value of
the backlash uncertainty can be evaluated. This is because
the non-linearity due to the backlash uncertainty in the
distortion angle uncertainty is weak.
A future problem is to consider the eﬀect of the friction
uncertainty at the connecting nodes on the nodal displacement of a truss structure.
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