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A high precision space structural system will not allow even a thermal deformation on orbit. Under such design requirement,
new uncertainty estimation method is required. The objective of this research is to establish a new design methodology to overcome
a conventional budget allocation method. One strategy is to apply the robust multiobjective optimization method. Recently, we
develop the robust multiobjective optimization method that the mean performance and its variation are modelled as individual objective
functions. Then, the eﬀect of uncertainty on the performance is visualized through Pareto solutions. Through numerical examples of
the space reﬂector model, Pareto solutions are obtained from the two-objective and then the three-objective function problems. Then,
the eﬀects of variations of several physical parameters on the surface shape error and the robustness are discussed.
Key Words: High Precision Space Structure, Uncertainty, Robust Multiobjective Optimization, Satisﬁcing Trade-Oﬀ Method

1. Introduction
Space antenna for space exploration missions require large
aperture areas and high surface shape accuracy, as well as
lightweightness. The radial rib and hoop cable structure for
the space reﬂector, as illustrated in Fig. 1 1)- 3) , was proposed
to satisfy these diﬃcult requirements. The ribs are arranged in
the radial direction from a central hub, hoop cables are connected to the radial ribs and arranged concentrically, and tie
cables are connected between the rib and the backup deployable truss. The ribs are deformed to the ideal parabola shape
by cable tension upon deployment, where they were originally
straight form folding.
The structural design is veriﬁed through the one-dimensional
rib model shown in Fig. 2 2) . The one-dimensional model consists of a single rib taken from the whole reﬂector and a cable
element that represents the tie cable. The root of the rib is simply supported, and the lower end of the tie cable is ﬁxed in the
vertical direction and free to move in the longitudinal direction.
The hoop cable tension is modeled as a concentrated nodal load
that deforms the rib into the ideal parabola shape from the original straight form. The deformation transfers the tension force
to the tie cable as a reaction force.
The structural design problem is to determine the rib stiﬀness distribution to minimize the RMS error between the ideal
parabola shape and the rib deformation shape under the given
applied loads that is evaluated by nonlinear ﬁnite element
method. The design problem can be formulated as the optimization problem, where the rib dimension and the natural length of
the tie cable are treated as design variables. In addition, this
study investigates the eﬀect of the cable tensions on the rib deformation as well as the RMS error minimization design. Under actual situation, material property or the applied load has
uncertainly, that will make the rib deformation changed from
the ideal shape. When the deformation shape is varied from the
ideal shape, it is necessary to adjust the deformation by changing the cable tensions. However, the RMS error sensitivity with
respect to the cable tension makes smaller for the cables that is

Fig. 1.

Radial-rib/hoop cable reﬂector structure

Fig. 2. Simpliﬁed one-dimensional structural model of the rib/cable
reﬂector

not used for the adjuster for the robustness.
The objective of this study was to investigate the design problem, especially the trade-oﬀ between the RMS error and the
RMS sensitivity with respect to the cable tension. For this purpose, the design problem was formulated as a multiobjective
optimization problem. Then, the trade-oﬀ analysis was performed by investigating the Pareto set distributions. This study
adopted the satisﬁcing trade-oﬀ method (STOM) 4) as the multiobjective optimization method. STOM can obtain a single,
highly accurate Pareto solution, regardless of the shape of the
Pareto set. Therefore, the method is widely applied to engineering design problems 5)ɼ 6) . Some of the authors developed
robust and reliability-based multiobjective optimization methods considering uncertainty using STOM 7)ɼ 8) . By introducing
an aspiration level that corresponds to the user’s preference for
each objective function, STOM transforms the multiobjective
optimization problem into an equivalent single-objective problem. Mathematical programming techniques can be applied to

the transformed problem, meaning that STOM obtains a Pareto
solution eﬃciently. In addition, a highly diverse and uniformly
distributed Pareto set can be obtained by parametrically changing the aspiration level. STOM is an interactive approach because the search process is repeated by changing the aspiration
level until the user is satisﬁed with the solution. The automatic
trade-oﬀ analysis method 9) is one approach of updating the aspiration level using sensitivity information.
On the multiobjective optimization, it is also important to select the suitable design candidate among the Pareto set. Conventional methods evaluate the trade-oﬀ relationship after obtaining all possible Pareto solutions. On the other hand, in this
study, the range of design candidates is narrowed interactively
by increasing the number of objective functions as follows. Primary objective of the design is to satisfy the RMS error limit of
the rib deformation. At ﬁrst, the RMS error minimized design
is obtained as a reference design by a single objective optimization. Then, the multiobjective optimization is applied to investigate the trade-oﬀ relationship between the RMS error and its
sensitivity with respect to the tie cable tensions. Where, the
RMS error and its sensitivity with respect to the tie cable tension or the outermost hoop cable tension are used as the two objective functions. Uniformly distributed Pareto set in each two
objective optimization problem is obtained by parametrically
changing the aspiration level. Through the trade-oﬀ analysis,
the design range is narrowed to the interested range. Then, the
three objective optimization problem including RMS error and
both sensitivities is performed to set the aspiration level only
in the interesting design range. Finally, the trade-oﬀ analysis
is performed through obtained small numbers of Pareto solutions. This approach is applied to the the robust design that
minimizes the three objective functions; RMS error and its sensitivity. strategies.
2. Multiobjective Optimal Design
A multiobjective optimization problem is an optimization
problem with multiple objective functions as follows.



f (x) = f1 (x), f2 (x), · · · , fk (x) T

(1)

where k is the number of objective functions, x =
(x1 , x2 , · · · , xn )T are the design variables, and n is the number
of design variables.
The multiobjective optimization problem is generally formulated as follows:



Minimize: f (x) = f1 (x), f2 (x), · · · , fk (x) T
subject to: g j (x) ≤ 0 ( j = 1, · · · , m)
xiL ≤ xi ≤ xiU

(2)

(i = 1, · · · , n x )

where g j (x) ( j = 1, · · · , m) are constraint conditions and xiU
and xiL are the upper and lower limits of the design variables,
respectively.
2.1. Satisﬁcing Trade-oﬀ Method (STOM)
STOM is known to be an interactive optimization method that
converts a multiobjective optimization problem into the equivalent single-objective optimization problem by introducing an
aspiration level that corresponds to the user’s preference for
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Fig. 3.

Flowchart of STOM

each objective function value. The ﬂow of the STOM is summarized in Fig. 3 and brieﬂy described as follows.
Set the ideal point fiI , (i = 1, · · · , k) of each objective
function. The ideal point is usually determined by solving
a single-objective optimization problem considering only
the corresponding objective function, fi (x). The ideal point
for the mean performance is obtained by solving the deterministic design problem. As an alternative, the ideal solution without solving the optimization problem can be used
such as zero to the ideal point for the standard deviation.
Step 2 Set the aspiration level fiA , (i = 1, · · · , k) of each objective function and evaluate the weight coeﬃcient, wi , as
follows:
Step 1

wi =

1
fiA − fiI

(i = 1, · · · , k)

(3)

Formulate the multiobjective optimization problem in
Eq. (2) into the weighted Tchebyshev norm problem as follows:

Step 3

Minimize:



max wi fi (x) − fiI

(4)

i=1,··· ,k

subject to: g j (x) ≤ 0 ( j = 1, · · · , m)
xiL ≤ xi ≤ xiU

(i = 1, · · · , n x )

The min-max problem in Eq. (4) is transformed into
the equivalent single-objective problem by introducing a
slack design variable y as follows:

Step 4

Minimize: y



subject to: wi fi (x) −

fiI



(5)
≤y

(i = 1, 2, · · · , k)

g j (x) ≤ 0 ( j = 1, · · · , m)
xiL ≤ xi ≤ xiU

(i = 1, · · · , n)

When Eq. (5) is solved using a nonlinear programming
method such as a sequential programming method, an accurate Pareto optimal solution is obtained in comparison
with an evolutionary method.

Table 2. Deterministic optimal solution and side constraints for
RMS error minimization design

Pareto front

f2

(a) Rib thickness

f A Aspiration level
f * Pareto optimum
f*

Pareto optimum

Position
Lower limit (mm)
Optimum height (mm)

0-0.5
2.5
2.96

0.5-1
3.0
3.87

1-2
4.0
4.84

2-3
4.0
5.50

3-4
4.0
5.96

Position
Lower limit (mm)
Optimum height (mm)

4-5
4.0
5.85

5-6
4.0
5.12

6-7
4.0
4.13

7-7.5
2.5
2.89

7.5-8
2.0
2.37

(b) Tie cable natural length

fA
Aspiration level

fI

Upper limit (mm)
Optimum length (mm)

Ideal point

f1
Fig. 4. Pareto solution search process of STOM described in the objective function space
Table 1. Rib natural length and cable tension for the simpliﬁed structural model shown in Fig. 2
(a) Rib properties

Section
Natural length (m)

0-1
0.25254

1-2
0.25279

2-3
0.25327

3-4
0.25400

Section
Natural length (m)

4-5
0.25500

5-6
0.25620

6-7
0.25760

7-8
0.25930

(b) Hoop cable tension applied at nodal force to the left direction

Node
Load[N]

1
-0.4187

2
-1.0467

3
-1.0467

4
-1.0467

Node
Load[N]

5
-1.0467

6
-1.0467

7
-2.0934

8
-2.0934

If the objective function values are satisfactory, the
search is completed. Otherwise, update the aspiration level
fiA and return to Step 2. The automatic trade-oﬀ analysis
method 9) is one of the methods used to reasonably update
the aspiration level.

Step 5

The weight coeﬃcient, wi , plays an important role in obtaining the Pareto solution in the direction of the aspiration level,
which is directly related to the designer’s preference. As shown
in Fig. 4, the Pareto optimal solution is usually located on the
line connecting the ideal point and the aspiration level in the
objective function space, regardless of whether or not the aspiration level lies in the feasible region. On the other hand,
the optimal solution is often not located on the line when some
constraints are active. In that case, designers can investigate the
eﬀect of the active constraints on the Pareto optimal solution.
An accurate Pareto set is obtained by parametrically changing
the aspiration level. Designers can investigate the desired region in detail only by arranging the aspiration level properly
without obtaining the full Pareto set.
3. Design Problem
The original design problem 2) was formulated as a deterministic optimization problem in order to determine the rib thickness distribution under the prescribed tension. In this study, the
two-dimensional simple model shown in Fig. 2 is used to evaluate the deformation shape by a nonlinear ﬁnite element method.

Tie cable length
70.0
63.67

The objective function is the RMS error between the deformation shape and an ideal deformation shape, which is deﬁned as
follows:

v = u2 /16

(6)

where u is the longitudinal coordinate and v is the bending deformation.
The rib is modeled by using 80 beam elements, such that the
rib between each node in Fig. 2 is equally divided into 10 beam
elements. The tie cable is modeled as a single cable element.
The root of the rib is simply supported and the bottom end of the
tie cable is ﬁxed in the height direction but is free to move in the
lateral direction. The hoop cable tension values are given as the
equivalent nodal force, as listed in Table 1. The tie cable tension
is given as a reaction force resulting from the rib deformation,
where the Young’s modulus of the rib and the cable stiﬀness are
set to constants as 70 GPa and 2000 N, respectively.
In the optimization problem, the beam height is treated as a
design variable, where the beam cross section is assumed to be
a rectangular shape and the beam width is set to be constant at
5 mm. The design variables are allocated such that the beam
elements between each node have the same beam height except
for the two ends. Both ends allocate two variables such that the
elements between the nodes are divided into two equal parts,
and then each variable allocates each of the ﬁve elements on
the left- and right-hand sides. Hence, the number of the beam
height variables is 10. In addition, the natural length of the cable
element is treated as a design variable. The length indirectly
aﬀects the rib deformation shape to change the cable tension
that is represented as the reaction force. As a result, the total
number of design variables is 11.
For numerical stability, the lower limits of the rib thicknesses
are imposed as listed in Table 2(a). In addition, the upper limit
of the tie cable natural length is given as listed in Table 2(b) to
avoid slackening of the tie cable. It is conﬁrmed that no limits
are active under this optimization or the following multiobjective optimization problems.
Using the simple model, the RMS error minimization design is obtained as shown in Table 2. The obtained RMS error is 0.0288mmRMS, which satisﬁes the design requirement
of 0.05mmRMS 2) .
The structural model described herein is diﬀerent from that
in the original study 2) . In the original study, the tie cable was
not modeled as the tie cable element. The cable tension was
given as the nodal force at rib node 4 in the vertical direction

and the lateral direction was ﬁxed at the rib tip. The optimization was performed to minimize RMS error, as well as to reduce
the reaction force at the tip. It is diﬃcult to use this model for
evaluating the eﬀect of variations of the cable tension on the rib
deformation, which is why the current study updates the structural model to that shown in Fig. 2. The diﬀerence between
the obtained results and the previous results 2) is very small.
The RMS error was 0.037mmRMS and the diﬀerence of the
rib thickness distribution was small. For the above reasons, this
structural model is considered adequate for the current purpose.
3.1. Formulation of multiobjective optimization problem
The deformation RMS error minimization is not the only design requirement; the RMS error sensitivity is also required in
order to solve the design problem. This study focuses on the
RMS error sensitivity with respect to the cable tension force as
the performance measure of the robustness. The rib shape is
changed by the cable tension. The design is called robust when
the sensitivity is small.
The robustness or adjustability are investigated by formulating the design problem as a multiobjective optimization problem. The objective functions are described as follows:

f1 = Deformation RMS error
(7)
from the ideal deformation shape (mm)
f2 = RMS error sensitivity with respect to tension (8)
of the tie cable at node 4 (mm/N)
f3 = RMS error sensitivity with respect to tension (9)
of the outermost hoop cable at node 8 (mm/N)
where sensitivity with respect to the cable tension is evaluated
by the following forward diﬀerence 10) :

∂RMS(x, z) RMS(x, z + Δzi ) − RMS(x, z)
≈
∂zi
Δzi

(10)

where z denotes the design parameters as the cable tension.
minimization of f2 or f3 corresponds to the robust design.
3.2. Veriﬁcation sequence
As described above, the design requirement for the RMS error corresponding to f1 is set as less than 0.05mmRMS 2) . However, the reference values of the RMS error sensitivity have not
been referred. Therefore, the design veriﬁcation is performed in
the following sequence to clarify the eﬀect of variation of cable
tension on the rib deformation.
A single-objective optimization problem to minimize
the deformation RMS error f1 is obtained ﬁrst. The optimum design listed in Table 3 is used as the reference design. Values of the objective functions on the reference
design are listed in Table 2.
Step 2 Two-objective optimization problems consisting of f1
and f2 or f1 and f3 are performed. The aspiration levels are
parametrically changed to obtain a highly diverse and uniformly distributed Pareto set. Then, it is evaluated in terms
of how much the sensitivity is improved by sacriﬁcing the
RMS error within the allowable range.
Step 3 Finally, three-objective optimization problem considering all objective functions f1 , f2 , and f3 is evaluated,
where the aspiration levels are limited to only the range

Table 3.

Reference design as RMS error minimization design

Objective
Reference value

f1 (mmRMS)
0.0288

f2 (mm/N)
66.0

f3 (mm/N)
27.8

of interest from the previous step. Then, the eﬀect of variations of cable tension on the rib deformation is discussed.
Investigating only a limited number of three-objective optimum
designs using properly determined aspiration levels is the major
advantages of STOM for design veriﬁcation. It is also eﬀective
to save the computational cost.
4. Design Veriﬁcation
The respective initial Pareto solutions obtained from the
two objective function problems of this example are shown in
Figs. 5 and 6, where the two objectives are to minimize f1 and
f2 and f1 and f3 , respectively. The lower rightmost Pareto solution in both Figs. 5 and 6 corresponds to the reference point
as listed in Table 3. Both Pareto curves show the trade-oﬀ relationship between f1 and f2 and f1 and f3 . That is, the RMS
error increases as the RMS error sensitivity decreases. Within
the allowable range of an RMS error lower than 0.05mmRMS,
f2 and f3 decrease by as much as approximately 20 mm/N and
3 mm/N, respectively.
These Pareto points are obtained by parametrically changing
the aspiration levels, where the f1 – f2 and the f1 – f3 problems
use eight and six aspiration levels, respectively, as shown in
Figs. 5 and 6, respectively. These points are initially selected
from the reference points; later, the aspiration level can set as
close to the Pareto point as desired. The dotted line in Fig. 6 indicates the connecting line from the ideal point to the aspiration
level, showing that the found Pareto solution lies on the line.
This corresponds to the characteristics of the STOM shown in
Fig. 4.
Then, the three-objective design problem to minimize f1 , f2 ,
and f3 is solved by setting the aspiration levels, referring to the
results of the two-objective problems above. The Pareto solutions plot in f2 – f3 space is shown in Fig. 7. The values correspond to the RMS error, f1 . The upper rightmost point of
0.029mmRMS corresponds to the reference design listed in Ta-

Step 1

Fig. 5. Pareto set distribution in f2 – f1 space for the two-objective
function problem

Fig. 8. Nodal displacement sensitivity with respect to the outermost
hoop cable tensions

Fig. 6. Pareto set distribution in f3 – f1 space for the two objective
function problem

Fig. 9.

Fig. 7.

Nodal displacement sensitivity with respect to tie cable tension

Pareto solution for the three-objective optimization problem

ble 2. The Pareto solution distribution in Fig. 7 shows that f2
and f3 have a strong correlation and the possibility of improvement of f2 and f3 by sacriﬁcing the RMS error f1 within the
allowable range.
From this result, it is useful to obtain robust designs that minimize both RMS error sensitivity terms with respect to the tie
cable and the outermost hoop cables.
To investigate the relationship between the RMS error sensitivity and the nodal deformation by the variation of cable tension, each nodal displacement sensitivity with respect to the
outermost hoop cable or tie cable tensions are investigated in
Fig. 8 and Fig. 9. In Fig. 8, the sensitivity is small in the
vicinity of tie cable and ends of the root. It is because the root
of the rib is simply supported and vicinity of node4 is aﬀected
by the reaction force of the tie cable. In contrast, the sensitivity is high in the outermost hoop cable, because node8 is free
end. On the other hand, Fig. 9 shows the nodal displacement
sensitivity with respect to tie cable. The sensitivity increases
monotonically.
Both Fig. 8 and Fig. 9 shows the each nodal displacement

Fig. 10. Diﬀerence of nodal displacement sensitivity between the
reference design and the lowermost point

sensitivity for all four Pareto solutions. However, there is little
diﬀerence between the obtained Pareto solutions, so the diﬀerence cannot be seen in both ﬁgures.
To investigate the diﬀerences of each nodal displacement
sensitivity, the diﬀerence between reference design point and
the lowermost point of 0.046mmRMS are shown investigated.
The diﬀerence between the sensitivity of the reference design
point and that of the the lowermost point of 0.046mmRMS in
shown in Fig. 10 . Fig. 10 shows the diﬀerence of both displacement sensitivity with respect to tie cable and outermost
hoop cables. The sensitivity for the point of 0.046mmRMS
is smaller than reference design point, This result conﬁrms to
achieve robustness to variation of the tie cable and the outermost hoop cable tensions.

5. Conclusion
9)

This study veriﬁes the structural design considering uncertainties of a space reﬂector structure consisting of radial ribs and
hoop cables by using the multiobjective optimization method.
Deformation RMS error with respect to the accuracy of rib deformation and RMS sensitivities with respect to cable tension
are selected as objective functions to investigate the trade-oﬀ
between the deformation accuracy and variations of the cable
tension. As multiobjective optimization, STOM is applied as
numerically eﬃcient method.
In this study, a three-step approach is adopted. First, singleobjective optimization is performed to minimize the RMS error;
the obtained optimum design is regarded as the reference value.
Then, two sets of two-objective optimization, one including the
RMS error and the other including the sensitivity, are performed
to investigate the Pareto set distributions as the robust optimum
solutions. Finally, the Pareto solutions of a three-objective optimization problem are obtained to investigate the trade-oﬀ relationship between the robust design candidates. In addition,
variations of nodal displacement sensitivity are investigated to
conﬁrms the archived robustness of the robust designs.
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